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Abstract

We summarize the results of a study to obtain reasonable upperbounds to the maximum energy density W(£o) per steradian radiated
during a time interval (-T,T) in a direction £, and also the maximum instantaneous far-field t€(Cp)l. The constraints are (1) the antenna
elements are driven in series by a circuit of zero stored energy around a simple series resonance, (2) the antenna is enclosed within a
spherical working volume of radius a/Amin = 1, (3) signal frequencies are restricted 10 @ € Wmax = 21¢/Amin, (4) the total energy radiated
is 1 J. The answer for W() versus imaxT is depicted on Figure 3. The maximum Ir€(Qy, t - r/C)l is 5.65Mat t = r/c for a two-
sided fractional bandwidth B = 0.54 and associated gain Go(£2p) = 16.

Di fation ‘ - .

We represent the behavior of an M-port antenna with N radiadng
dipole modes by a method-of-moments matrix equation ¥ = Z1
in the w-domain. We expand [ in characteristic terminal modes
[1], with amplitudes propordonal to a driving voltage at one
port. Then the far-field can be expanded with the M terminal
mode vector functions in the w-domain [2], and, by Fourier
wansformadon, into the t-domain. Assuming that all these
functions are parallel in the far-field, in the optimization direcdon
Qo, and that the antenna is lossless (later we will relax this
condition), we can maximize WT({)) in the w-domain subject to
total radiated energy W = | J and obtain an integral equadon for
the driving function y(w). Specializing the response to a two-
sided fractional bandwidth B about the center frequencies twq
and asswning Go(£);) = Gy is constant over B, we obtain the
mntegral equagon
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1 = (0 F W)/ in the * frequency band. B = WT(,)/W.
This is satisfied by the angular prolate spheroidal eigenfunctions
Son(¢, 2WB), ¢ = $Bu,T. P is maximized by the cigenfuncrion
Sp1 of largest eigenvalue A (c) < 1. Figure | shows a plot of

A {c) versus ¢ [3]. The largest value of B for given gain Gy is,
from (1),
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We can also express the far-field w-domain E(£),) as a mamix
product TtM (*, Hermitian conjugate), where M isan N x |
column matrix of dipole moments and T is a column marrix of
positonal phase shifts along the direction . The time-average
radiated power, Prag, at centerfrequency we can be expressed
proportional 1o M"PM, P related directly to Real Z. Then gain

Go is

Go=4xITM 12/ MIPM 3

B is Pog/WR, where "reactive stored energy" Wr (4] measures
the frequency derivative of input reactance X (at a simple-pole
series resonance) of a circuit driving all the dipoles in series. B
is upperbounded by neglecting any stored energy in the drive
circuit,. WR can be expressed for an antenna in a quadratic form
a MTWM and B wrinten as

B = M'EM/ MM @

We have expanded M in column eigenfunctions X of (real)

eigenvalues b; of the matrix equation
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Fig. | Largesteigenvalue Aj(c) vs. ¢ = BwT/2 of Eq. (1).

The result of maximizing B of (4) for a given G, yields

Go =41 [Z T Xu/ (1-abi>]1/
[Z g2 bir(tabi?] )

B= [): ITtXil2 by / (1-aba)2]/
[z ITtX:2/ (l-abi)z] 7

@ is a running parameter which traces the B-Gg curve from
Bmin-(Go)max, for a = +o0 to (BGo)max for o = 0, for Bmax-

{Go)min for & = Bn-! (BN is the largest eigenvalue).



Equations (6) and (7) should be compared to the corresponding
ones for directivity D (= G, for a lossless antenna) and Q = 1/B
in terms of spherical wave modes [5].

If we represent W (£)g) and W with the X; we obtain (1) again
with a redefined y(u). But now G, and B in (2) are constrained
by (6) and (7) for a given antenna.

Figure 1 indicates that, with no constraint on centerfrequency
g, one should maximize B of (2) with as high a g as
possible; i.e., a working volume of largest electrical size.
Therefore, we limit )y 10 Wmax and choose 2 0 a/Amin = 1. We
chose this value because we have searched for that spatal
distribution of short, rather fat dipoles within a sphere of a/A = 1
which appears w have the best B-Gg curve (i.e., the highest B
for given G and vice versa) (6]. That curve is shown on Figure
2, with the expected practical (Go)max of 50 = ka(ka + 2),
supergain limit.
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Fig. 2. The best B-Gg curve for a/Amin = 1 and the scaled B{w)
- Go(w) curve (dashed) for w = wmax / (1+B/2).

That "best” array had the curious distribution of three planes of
lines of 0.2 A dipoles (A = 1 for convenience), each of
radius/length = 0.25 (fat) and overlapping its neighbors by 0.01.
With x the direction of €, one xz plane at y = 0 contained six
lines of dipoles in the z direction, extending to the edges of the
working sphere, at x = -0.12, 0, 0.12, 0.24, 0.36, and 0.48.
The other two xz planes at y = + 0.43 contained two lines each.
atx =0, 0.12!

Incidentally, this study indicated that Pryd given by ReZ was
more accurate than the expression evaluated on the radiation
sphere, which developed intolerable error as G, approached the
supergain limit.

4. Maximum (W € Wmax) versus Omax T.

It is easy to deduce that one should operate in a simple-pole band
as near Wmayx as possible, rather than in any lower frequency

bands. Unfortunately, the a/Amin curve on Figure 2 only
describes operation around @Wmgy as centerfrequency. To infer
the a/A-curves for A > Apin We have employed the heuristic
scaling factors: IrEy (o)l @ number of dipoles in the volume,
a (/M) Go ¢ (a/M)2 because (Go)max < kalka + 2); Prd @
ItEu(§26)12/Gy & (a/A)Y%; WR, with a strong [f|-F3i-! dependence
between any wo dipoles at f1,r2 o (a/A)3; and, therefore, B
(a/\)! by (4). With these rules we have plorted on Figure 2 the
dashed curve of B(w) around centerfrequency ® versus Go(®),
such that (1 + B/2) = Wmax, as follows: a chosen value of
B(w) yields @/@may = a/A, whence B(wmax) = B/(a/A) on the
a/Amin = | curve., From its Gg(Wmax), Go(®@) = Go(®max) *
(a/\)2. Then the point B(w) - Go(w) is known on the dashed
curve.

For a given value of Wmax T, we maximize By of (2) by
searching along the dashed curve in Figure 2 for the B-Gg pair
which maximizes Go(@h | (c=3BGT), where &T = £ my;T.
Severai points are shown labelled by their @maxT-values, and
the values of maxp(Wma,T) are connected by a smooth curve
on Figure 3. Tt is perhaps surprising how slowly the final value
of Bi(e=) = 50/47 = 4.0 is approached.

To see if ohmic losses would improve the situauon we apply the
simple theory: loss increases the input power and energy
required, for fixed [E(Qo)12 radiated, by the efficiency 1y < 1 of
the antenna. Assume 1| constant throughout the band. The new
values of G, B, and W are: Gg = nGo, B' = Bm, W' = Wrn.
To maintain W = 1 J we, therefore, have Go = 12Gg, B' = B/q -
at any frequency. The B"-Gg curve on Figure 2 would shift o
the /eft of the dashed curve, hence loss—in first approximation
—would decrease Py of (2), and lower the B-curve of Figure 3.

2 t=trjc forW=1].
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Comparison of the w-domain expressions for IrE(Q,T)12 and

WT(C) shows that €2 is maximized for = 0 and
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Fig. 3. B1 = max WT{{)/W vs. 0max | from the dashed curve
of Fig. 2.



Xq being thie nth prolate spheroidal eigenvalue. For any set of
values Gg, B, @ on the dashed curve of Figure 2 (8) is
maximized for n = 1 and the result by Figure 1 is

Ir€(Q0,0)12 = 4.77 WGoB = 4.77 Wmax SoB ®

This last factor is maximized for B(w) = 0.54, Gg(w) = 15.75
on Figure 2, and so

Ir€(€20,0)max = 5.65 V Omax (@Amin=1 (10
Not surprisingly B = 0.54 is also the value which maximizes B
for WmaxT < 2.5 in Figure 2. Loss degrades (9) also.

Comparison with [3, Figure 1] shows, for @ = 6 x 108 (=
®max/(1 + BA2)) considered there, (10) yields about half the
values in that reference. This is partly because our Go = 15.75
value is considerably less than the supergain limits of ka(ka + 2)
assumed in the reference. Comparison with [1] for arrays
indicates that (10) can be increased by driving the elements
independendy rather than with an (idealized) series circuit.

6.. Conclusjons

The formulas herein for maximum energy density W{€)) per
steradian radiated during (-T,T) and the maximum instantaneous
Ir€(Q, T =0) appear to be realistic for the constraints, with a
spherical working volume of radius a/Amin = 1, where Apin =
21c/Wmax and Wmax is the maximum signal frequency available.
For larger a/Amqin one should construct best B-Gg curves,
requiring examination of many possible antenna types within the
volume. The forgoing procedure for studying directed radianon
can be used, perhaps with modified scaling rules, with any B-
G curve for a given a/A.
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